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ABSTRACT 

 Accurate modeling of aerodynamic forces and moments is critical for optimal aircraft 
structural design. Aircraft designs are often limited by tight weight constraints, so an accurate 
estimate of stress is necessary to prevent overdesign. Traditional multidisciplinary design 
optimization (MDO) approaches often rely on constraining a symmetry plane or reference point 
to prevent rigid body motion, which can lead optimization algorithms to produce unnecessary 
structure near these constrained areas. Inertial relief provides an alternative means by which to 
accomplish the structural analysis portion of aircraft MDO, as it allows for the analysis of 
unconstrained, free-flying bodies. In order to integrate into MDO algorithms, however, the 
inertial relief analysis requires support for design variable sensitivities. The U.S. Air Force 
Research Laboratory (AFRL) has developed the finite element and sensitivity analysis code 
Multidisciplinary Analysis and Sensitivity Toolkit v3 (MAST-3) as a nonlinear thermoelastic 
solver with analytical sensitivities for use in aircraft structural design optimization. This work 
details how inertial relief analysis with sensitivity support was integrated into MAST-3 and 
demonstrated using an existing AFRL generic aeroelastic flying wing model. 
Inertial relief enables the analysis of free-flying structures by leveraging an accelerating (non-
inertial) reference frame. The structure is constrained with zero displacement at the frame’s 
origin, and the inertial load due to the frame’s acceleration exactly cancels out any reaction 
forces at the constrained point. [1]. MAST-3 supports the definition of any reference point in 
Cartesian space, though notionally it is defined as the center of mass of the system. 𝒖𝒕𝒐𝒕￼, of 
the system is written as the combination of rigid body displacements𝒖𝒃￼ , 𝒖￼.  
 𝒖𝒕𝒐𝒕 = 𝒖𝒃 + 𝒖  

The inertial accelerations about a reference point are known such that the inertial force moves 
to the right-hand side and the finite element approximation of the equations of motion for the 
system become  
 𝑴𝒖̈ + 𝑲𝒖 = 𝑷 − 𝑷𝒊𝒓  

where 𝑴 is the mass matrix, 𝑲 is the stiffness matrix, 𝑷 is the external force vector, and the 
inertial force 𝑷𝒊𝒓 ≡ 𝑴𝒖̈𝒃 . The inertial load becomes design dependent through both the 
structure’s mass and external loads. For instance, in a sizing optimization of plate thickness, the 
mass distribution, and therefore inertial loads, will change with each design iteration. This 
change will be accounted for in the sensitivity analysis.  

From the above equations of motion, it is apparent that the inertial force term reduces 
the overall force applied to the system, which shows the importance of using this technique for 
MDO. Figure 1, below, provides a simple example of how using inertial relief reduces the 
global displacement of the system and eliminates the stress concentration created by a 
traditional, fixed boundary condition at the center of mass. In an aircraft MDO context, the 
stress concentration at the constraint would lead the optimizer to produce additional structure 
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at that location to reduce the local stress to within allowable limits. This unnecessary structure 
is an artifact of numerical analysis and not the actual physics of the system, thus inertial relief 
provides an excellent means by which to produce a more optimal structural design.  

 
Figure 1 Simple inertial relief example stress contour plot. Left: Stress contour plot 
without inertial relief, showing the stress concentration at the constrained center of 

mass. Right: Stress contour with inertial relief, with the stress concentration eliminated 
AFRL has already demonstrated aeroelastic optimization using in-house tools on a 

generic flying wing model, making it an ideal candidate to demonstrate the development and 
integration of inertial relief capability into a coupled fluid-structure interaction framework for 
MDO of aerothermoelastic structures [2]. The final paper will detail how MAST-3 was 
integrated into an AFRL MDO workflow similar to [2], with its analytic sensitivity support 
allowing for design optimization. With MAST-3 serving as the structural analysis tool in the 
MDO workflow, the flying wing model was optimized using inertial relief. This design 
optimum was compared to the aeroelastic design optima in [2] to illustrate the benefit of inertial 
relief to aircraft MDO. 
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