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Abstract:

This study presents an analysis and reflection on the use of data-driven nonlinear, parametric
aerodynamic reduced-order models for flutter analysis, with particular emphasis on Volterra
kernels. While errors are inevitably introduced during model generation/identification and in-
terpolation across the parameter space (where applicable), the approach significantly reduces
overall computational costs for parametric studies such as Mach or angle of attack sweeps. Per-
haps more importantly, it also reduces the cost of additional analyses such as uncertainty prop-
agation. The development of parametric reduced-order models stands to benefit considerably
from the increasingly widespread and continually improving machine learning methodologies
and tools. This abstract demonstrates several machine learning applications; we plan to present
additional examples in the final manuscript.

NOMENCLATURE
BO = Bayesian optimization
BSCW = Benchmark Super Critical Wing
FCNN = fully—connected neural network
ML = machine-learning
MSE = mean squared error
ROM = reduced—order model

1 INTRODUCTION AND MOTIVATION

The idea for this paper arises from our 2025 study [1], in which we employed machine learning
techniques—Gaussian processes and artificial neural networks—to interpolate the coefficients
of first- and second-order Volterra kernels across a Mach number and angle of attack parameter
space and demonstrated that the interpolation error is acceptable. We also showed that artifi-
cial neural networks, provided that hyperparameters are appropriately optimized, outperform
Gaussian processes. In this study, we present several flutter analyses (two of which are already
included in this abstract).

This abstract does not provide a comprehensive review of the most relevant literature (which
will of course be included in the paper); however, we note a growing interest in the Volterra
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kernel approach in aeroelasticity and cite several recent publications by our colleagues at RMIT
[2H7]. We also note the emergence of recent studies applying machine learning to aeroelastic
problems, such as [8]].

This abstract is structured as follows: the previously developed methodology is presented in
Section [2} and results obtained from two test cases are shown in Section Note that one
of the test cases, the Benchmark Super Critical Wing (BSCW), is also among the aeroelastic
systems being studied in the Fourth Aeroelastic Prediction Workshop, scheduled for the week
prior to IFASD. The authors are participating and plan to present results. The present paper is
also expected to complement the Workshop by providing additional insights into the method-
ologies and developments enabled by machine learning. In the final manuscript, we plan to
improve and complete the test case documentation, extend the range of results, and enhance the
generation/identification process. As of this abstract submission, we are experimenting with en-
tirely machine learning-generated parametric reduced-order models, which show considerable
promise.

2 METHODOLOGY
2.1 Volterra series for SISO systems

Volterra series is a powerful technique to solve nonlinear integral equations since it enables us
to represent the solution as a power series. By doing so, we can approximate the solution to any
desired level of precision. It can be applied to model the relation between input «(¢) and output
y(t) of a nonlinear time—invariant system with memory, as the unsteady aerodynamic loads
resulting from a step change in the AoA. The key idea behind the Volterra series is to substitute
the unknown function y(¢) with a power series, and then use this substitution to convert the
nonlinear integral equation into a set of linear equations for the coefficients of the power series.
To determine the coefficients of the Volterra series, we need to solve the associated Volterra
integral equations, which can be expressed as a matrix of linear equations. Once we have
obtained the coefficients of the series, they can be used to estimate the solution of the original
nonlinear integral equation.

The output function y(¢) of a continuous—time system in response to an input u(¢) can be mod-
eled using the Volterra series:

y(t) = / B(r)u(t — 7)dr )

where h/() are the convolution kernels. Its discrete—time formulation may be expressed as a sum
of nonlinear kernels convoluted with inputs and products of inputs, yielding to Equation 2]

y(t) = Hyu(t)] )

This polynomial approximates a nonlinear system to any desired precision if the order N is
made sufficiently large. In general, the kernel can be expressed as:
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= ZZhQ mi,my) - u(t —my)u(t —m;)

H,[u(t :Z Zh (my, ..., .__)-Hu(t—mj) (3)

where m; are the memory lag terms. wu(t — m;) is the input to the system, shifted in time.
Hi[u(t)] is the linear convolution term. The higher—order terms make the system nonlinear.
The more terms are used, the more accurate the approximation will be, but it will also be more
computationally expensive. For this reason, it is not common to use Volterra series beyond sec-
ond term. To illustrate, considering a scenario where the memory length A/ is 10 and the kernel
degree is 10 and taking into account the symmetry in the coefficients, we would need to esti-
mate around 2 - 10° parameters [9]. To overcome this limitation, we adopt the simplifications
proposed by Dowell [10] and references therein. We assume that the kernels are symmetri-
cal, the diagonal kernels are sufficient to represent the system and the nonlinear kernels can be
expanded respect to time as a combination of Laguerre polynomials, which are a series of or-
thogonal polynomials that can be used to reduce the number of coefficients required to describe
a Volterra kernel. These three assumptions permit to simplify the formulation of the Volterra
series [10].

Considering that high—order kernels can be represented by a product of the base functions as
they are separable [11}/12], we obtain:

hop(mi,...,m...) = ZQTHLT(mi) “4)

where 6, denote the weights of the Laguerre polynomials.

Substituting Equation[d]in Equation[2] we derive the generalized response of a dynamical system
with an arbitrary order of the Volterra series:

y(t) = [U][BI{6} (5)

where [U] is the vector that combines inputs and product of the inputs of the system, [B] is a
block matrix of Laguerre values and {6} is the vector of Laguerre coefficients which need to
be determined. In our case, the order of the Laguerre polynomials has been set to 17, after a
careful assessment aimed at finding the minimum order of the polynomial that better represents
the solution. The reader is referred to Dowell et al. [[10] for the complete formulation.

For obtaining the vector of unknowns {#} it is necessary to decompose and invert the [U][B]
matrix which can be done using singular value decomposition (SVD).
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(
{0} = VI U1 w(®) (6)
Now, we define Cy,, as:

Ciye =Cr,, —CL - factor (7

small

where (7, refers to a pitch input angle of 2 [deg], Cr_,,,, to a pitch input angle of 1 [deg]
and the factor term is equal to 2. In this way, the difference between the two step—responses
represents the nonlinear component.

Applying Equation [6] to Equation [7] we get the nonlinear Volterra kernels {6 }. The same
procedure here explained can be applied for the reconstruction of the nonlinear component of
the pitching moment C'y;.

2.2 Machine Learning to Interpolate on Mach - Angle of Attack parameter space

Machine learning is used in the test cases presented to interpolate the kernels coefficient for
a specific combination of Mach number and angle of attack. The kernels are identified for a
sufficiently lagre number of samples.

We applied the concept of the deep—learning framework reported in Immordino et al. [13]] which
results extremely useful for optimizing the architecture of the neural network for this specific
task. We trained two different neural networks, one for the linear kernels and one for the non-
linear ones. We used Mach, AoA and static value of the lift coefficient and pitching moment
coefficient as inputs for our models. Table |1|compares the optimal hyperparameters for the lin-
ear and nonlinear Volterra kernels identification. The reader might observe that the algorithm
deepened the network in order to capture the nonlinear behaviour of the kernels.

Hyperparameter Optimal Value
Linear Kernels NL kernels
Learning rate 1074 1074
Number of Hidden Layers 5 7
Activation function PReLu PReLu
Number of parameters 144,502 259,890

Table 1: Optimal hyperparameters for the linear and nonlinear Volterra kernels identification.

2.3 State-space Model with the Linear Volterra Kernel

A linear aeroelastic system is often presented in the form:

M +Ca+Kyq=f ®)

for a two-degree-of-freedom system (e.g. typical section) for in instance, the matrices can be:
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() e[z 3] eel5 2] me s 2] (3

The system can be recast into the first order form:

€))

Gg= Aq+ Bu
y=Cq+ Du

Since the output variables coincided with the state ones, C' is a identity matrix and D is zero,
whereas ¢, A and B assume the following expressions:

0 I
A= ~M'K, —M]'C, } ’ B

I
A/~
o
~

Mt f

<
Il
.o =

Further the continuous—time system is converted into discrete—time:

"' =Apq"+ Bp ", (10)

where:

Ap = (I — AtBA) 1 (I + At(1 — B)A), Bp=(I—-AtBA)'B

The linear Volterra kernels may now be included into the state—space system:

n __ n n __ n

where a7 is the vector of the m effective angle of attack values used in the model for the n'"
time instance. In the case of the typical section in incompressible flow, the effective angle of
attack is:

aly=[0 1 1/V 0]q",

The degrees of freedom now include m values of the effective angle of attack; however, only
m — 1 are added to the vector of the degrees of freedom, as o} is expressed as a function of A"
and o™:
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n—m+1
Qefp

Now, the system response at n + 1 can be estimated with:

x”+1:Ax”+{f}” (11)

where { f }" represents the matrix including external forces and nonlinear Volterra kernels at n'"
timestep and the state matrix A is defined as:

Ap 0
Bp H,,
Bp Hy
A 0 0
1
0 0
1
i 0 |

The dynamic stability of the system can now be assessed on the basis of the eigenvalues of the
state matrix.

3 RESULTS
3.1 Isogai Wing

The linear Volterra kernel (Eq. [2)) can be conveniently added to a state-space dynamic model
and used for aeroelastic analysis, as shown in the previous section.

It has been used here to assess flutter speed in the test case proposed by Isogai [[14]. The test
case consists in a ’pitch and plunge” typical section with a NACA64a010 airfoil immersed in a
transonic flow.

Since the airfoil is symmetrical and the angle of attack is zero, the problem does not require
a nonlinear static aeroelastic solution. Flutter analysis is carried out by identifying the linear
kernel from CFD indicial responses at approximately 20 different Mach numbers, using both
RANS and Euler equations, in two distinct analysis. The kernels are subsequently reconstructed
over about 100 Mach values using a fully-connected neural network (FCNN). For each of these
Mach values, a state matrix is built, including the two equations of motion of the typical section
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and Eq. 2] Dynamic stability is then assessed based on the eigenvalue analysis. For consistence
with the Isogai’s paper, flutter analysis uses the flutter index:

v =
= bw\/1t’
where Uy is flutter speed, b the semi-chord, w the reference natural frequency and p = — the
TP

airfoil mass ratio and m is the airfoil mass. The flutter index obtained from RANS and Euler
simulations is presented in Fig.
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Figure 1: Flutter index NACA 64a010 (Isogai). The continuous line indicates the values from reconstructed ker-
nels, the symbols are test values.

The results obtained from Euler simulations show a transonic dip, which is qualitatively similar
to those published by [[15}/16] including the "hump mode” behaviour between M =~ (.85 and
M =~ 0.91. The results from RANS simulations are more difficult to assess as no RANS analysis
is available to the authors knowledge. The solution obtained with thin layer Navier-Stokes in
Ref. [[17] presents a similar behaviour.

3.2 Benchmark Super Critical Wing Flutter Analysis
3.2.1 Computational Fluid Dynamics Solver

Our test case revolves around the BSCW, which is a transonic rigid semi—span wing. The BSCW
features a rectangular planform and utilizes a supercritical airfoil shape sourced from the AIAA
Aeroelastic Prediction Workshop ﬂ This wing is mounted on a flexible system with two degrees
of freedom, allowing movement in both pitch and plunge. It has been specifically designed for
flutter analysis and exhibits three types of nonlinearity: shock wave motion, shock-induced
boundary-layer separation, and interactions between the shock wave and detached boundary
layer. These nonlinear characteristics pose significant challenges for accurate predictions using
reduced-order models.

For generating the CFD step-responses, we employed the Unsteady-RANS (URANS) formu-
lation with SU2 v7.2.1. SU2 is a software that employs a cell-centered finite volume method

'https://nescacademy.nasa.gov/workshops/AePW3/public/wg/highangle
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to convert partial differential equations into ordinary differential equations. The one-equation
Spalart-Allmaras turbulence model was used to close the RANS equations. A 1v multigrid
scheme was utilized to accelerate the convergence of CFD simulations. The convective flows
were discretized using the JST central scheme with artificial dissipation, and the gradients of
flow variables were calculated using the Green Gauss method. The linear solver employed
was the biconjugate gradient stabilization with the ILU preconditioner applied. All URANS
simulations were computed by restarting the solution from a steady-state configuration. The
simulations utilized a non-dimensional timestep of A7 = 0.029 and were carried out for a total
non-dimensional time of 7 = 27.2 to ensure the full development of the flow.

A mixed-type grid consisting of 15.6-10° elements and 130,816 surface elements was generated.
This grid was structured on the wing surface and in the initial layers of the boundary layer,
while voxel elements were used in the rest of the computational domain. A y™ = 1 value was
adopted based on a preliminary mesh convergence study, which ensured adequate resolution
of the boundary layer and shock wave. The computational domain extended 100 chords from
the solid wall to the farfield. Figure [2] provides an impression of the grid employed in the
simulations.

/ /
/
/

ISNRNENENENRN)

Figure 2: Impression of the BSCW CFD grid.

For the ROM, we chose angle of attack (AoA) and Mach number as the two independent pa-
rameters. The selected ranges for these parameters are [0, 5] [deg] for AoA and [0.70, 0.84] for
Mach number. These ranges were chosen to encompass the complexity of the physics involved
in the problem. In the transonic regime, shock wave formation occurs on the wing, while high
angles of attack lead to boundary layer separation.

To obtain the necessary samples for AoA and Mach, we utilized Latin hypercube sampling
(LHS) with a total of 70 points, as illustrated in Figure 3] Among these samples, 60% (40 flight
conditions with grey squares) were selected for training the ROMs, 20% (15 flight conditions
with black circles) were allocated for testing, and the remaining 20% (15 flight conditions with
red diamonds) were reserved for validation purposes. Notably, the three highlighted regions in
Figure 3| represent increasing complexity in the observed physics phenomena, specifically in
terms of boundary layer separation and shock wave formation on both sides of the wing.

The excitation signal for the step responses is an exponential input of the pitch angle around the
aerofoil mid—chord:
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Figure 3: Training, test and validation samples for Mach number and angle of attack. Three regions define the
increasing complexity of the physics phenomena to be captured.

a(r) = ag (1 —e7/7er) (12)

where 7 is the non—dimensional time and 7,.s is equals to 0.6, value chosen after a careful
assessment. We generated pitch step—responses of 1 deg and 2 deg in order to cover the linear
and nonlinear dynamics (as explained later in the document in Equation [7).

Within the low Mach-AoA region (as depicted in Figure [3), the system response tends to con-
verge to a steady-state value without exhibiting significant oscillations (blue line in Figure {).
Conversely, when both the Mach number exceeds 0.80 and the AoA surpasses 3 deg, the re-
sponse displays the characteristic behavior of dynamic stall. This phenomenon is marked by
an initial increase in the lift coefficient followed by a subsequent decrease, eventually settling
down to the steady—state value (orange line in Figure [).

3.2.2 Flutter Analysis

The developed Volterra—-FCNN model is interfaced in a structural solver for fast computation of
aeroelastic analyses and flutter prediction. Before delving into the equation describing the wing
motion, we will briefly cover the concepts of Limit cycle oscillation (LCO) and flutter and how
they are determined in our work.

LCO is defined as a type of periodic motion that occurs in dynamic systems when they exhibit a
stable self-sustaining oscillation. The integration of the motion equations in discrete—time and
the analysis of the time domain responses at different dynamic pressures helps in determining
LCO. Flutter, a closely related phenomenon, is characterized by rapid and uncontrolled oscil-
lations of the wing that can lead to its failure. It is a specific case of LCO, where the wing
oscillations become unstable and their amplitude increases until failure occurs. Modal analy-
sis is used to predict flutter. This method involves modeling the wing as a system of coupled
oscillators and determining its stability by linearizing the equations of motion of the system
and by calculating its eigenvalues. When the real part of one or more eigenvalues is positive, it
means that the corresponding natural frequency is growing over time, indicating that the wing
is becoming unstable and is prone to rapid, uncontrolled oscillations.
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Figure 4: Lift coefficient responses at two different flight conditions with pitch input angle of 1 [deg]. The
steady—state values were subtracted. Pressure coefficient contours are also added at 7 = 7 denoted
as Time Instant A, and 7 = 30 denoted as Time Instant B.

The motion of the elastically suspended wing with two degree of freedom can be described as:
mh + Saci + cph + Kph = —L a3)
Satv + Inao + oo + Kpao = M

where « denotes pitch and h indicates plunge displacement (see Figure[3), m, S, and I,, are the
wing mass and first and second moment of inertia respectively, K, and K, the springs constants,
¢y, and ¢, the structural damping coefficients (normally set to zero). The aerodynamic lift and
moment are referred to the hinge axis, placed at 50% of the chord. The positions of the elastic
axis and the centre of gravity are coincident at the mid—chord.

The structural proprieties of the BSCW wing test case [18-20] are reported in Table 2] Here,
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Figure 5: Schematic of the half-span BSCW subject to pitch and plunge motion.

the structural damping is neglected and the positions of the elastic axis and the centre of gravity
are coincident at the mid—chord.

BSCW properties
K, 4018.64 Nmrad™!
K, 38484.12Nm™!

m 87.91kg
I 3.765 kg m?
c 0.4064 m

Table 2: Structural properties of the BSCW model.

The flutter response of the BSCW system using linear and nonlinear Volterra kernels during
flutter is highlighted in Figure [6] at two different flight conditions. Flutter mechanism varies
based on flight conditions. Figure [6(a)|shows that at low Mach number and AoA, flutter occurs
earlier with linear behaviour, in accordance with flutter theory. However, beyond M = 0.80 and
AoA = 3 deg, flutter occurs first when the nonlinear behaviour is considered (as depicted in Fig-
ure [6(b)). We suspect that this is related to the presense of a subcritical Limit Cyclo Oscillation
(LCO), which brings the system to be unstable at flow velocities below the linear flutter speed.
A possible explanation of this phenomenon is the nonlinearity that arises from a shock—induced
separation bubble, which strongly influences the shock wave position by pushing it towards the
leading edge.

By analyzing the stability of the wing at different dynamic pressures in the Mach-AoA design
space, a 3D surface can be created displaying the effect of different flight conditions on the flut-
ter occurrence (Figure[§)). The flutter dynamic pressure usually rises with increasing Mach and
AoA, but beyond M = 0.80 and AoA = 3 deg, flutter prediction became extremely sensitive to
the flight conditions and more challenging to predict cause of the complex unsteady phenom-
ena taking place. In fact, when the boundary layer detaches, aerodynamic damping decreases
significantly, making it challenging to determine the flutter speed.

The dynamic stability in the analyzed region is impacted by both the magnitude and phase of
Cp, and (). Flutter can occur at low reduced frequencies, typically around 0.05. In attached

11
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Figure 6: Pitch and plunge responses during flutter at two different flight conditions for BSCW wing.

flow regions, C';, and C'; are in phase. However, in the “dynamic stall” region, the long-term
response becomes more important than the initial slope. The correlation between C, and 6
becomes stronger as separated flow appears, which results in C';, moving ahead of (', in line
with the ”dynamic stall” condition.

To improve the accuracy of flutter speed prediction, a data fusion approach has been utilized,
integrating predictions from multiple sources, including both low-fidelity and high-fidelity eval-
uations. By combining these data sources, it is possible to gain a more complete understanding
of the flutter speed boundary. Low-fidelity estimates can provide valuable information about

12
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Figure 7: Post flutter responses at two different flight conditions for BSCW wing.
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Figure 8: Flutter boundary for BSCW wing.

the general trends of the target function, while high-fidelity samples offer more quantitative in-
formation. However, high-fidelity samples are typically only available at a limited number of
locations, while low-fidelity estimates may be available at many more locations. To combine the
cheap and expensive data, a CoKriging function 7 is computed from the samples of the cheap
evaluations, as described by Da Ronch et al. [21]]. This function is then evaluated at the locations
where expensive predictions are available. The resulting vector of input parameters at the expen-
sive samples, denoted as z;, is augmented with the evaluation of the CoKriging function for the
cheap samples. The augmented vector has a dimension of three, with 2" = [AoA;, M;, 1(z;)].
The corresponding flutter speeds for each of the n; sample points are denoted as y; = y(x;).

13



IFASD-2026-Abstract

Flutter speed at constant Mach Flutter speed at constant AcA

400 400

350 350

w
o
o
Q flutter [psf]
N w
w o
o o

Q flutter [psf]
>
o

N
=]
o

—e— Mach = 0.74 —o— AcA=0
150 Mach = 0.76 130 - AcA =1
—o— Mach =0.78 —o— AoA =2
—e— Mach = 0.8 —o— AoA=3
100 —e— Mach = 0.82 100 —8— AoA =4
—e— Mach = 0.84 —o— AcA=5
0 1 2 3 4 5 0.74 0.76 0.78 0.80 0.82 0.84
AoA [deg] Mach

Figure 9: Flutter speed at constant Mach and constant AoA for BSCW wing.

Next, a CoKriging function is calculated for these augmented samples, 7(z;"?), with the addi-
tional component providing information for the correlation calculation from the cheap samples.
This allows for a more accurate prediction of flutter speed, by combining the strengths of both
high- and low-fidelity evaluations. Figure [I0] shows the new flutter boundary obtained with
the data fusion technique proposed, which results shift towards lower dynamic pressures while

preserving its figure. Red circles denote experimental data from Dansberry et al. [22].
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Figure 10: Flutter boundary for BSCW wing with data fusion. Red circles denote experimental data from Dans-
berry et al. . Grey circles indicate the projection of the experimental data on the Mach-AoA plane.
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Figure 11: Flutter speed at constant Mach and constant AoA for BSCW wing with data fusion. Red stars denote
experimental data from Dansberry et al. [22].
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